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Introduction
The pairwise comparison method and hierarchy analysis technology have been widely used 2 to decompose a complex multi-criteria decision making (MCDM) into a series of more tractable and simpler sub-problems. In a conventional analytic hierarchy process (AHP) (Saaty, 1980) , a decision problem is structured as a hierarchy of criteria, sub-criteria and alternatives, and a multiplicative reciprocal comparison matrix is employed to express a decision-maker's pairwise comparison results, where the judgments are provided as crisp values. However, in many real-life decision problems, a decision-maker's judgments may contain vagueness and uncertainty and, hence, cannot be represented as crisp data (Dubois & Prade, 2012; Durbach & Stewart, 2012; Entani & Sugihara, 2012; Guo & Tanaka, 2010; Saaty & Vargas, 1987; Wan & Li, 2013; Xia & Chen, 2014; Xu & Chen, 2008; Zhu & Xu, 2014) . As such, other forms of pairwise comparison matrices have been developed to deal with imprecise and uncertain judgment information, such as interval multiplicative reciprocal comparison matrices (Saaty & Vargas, 1987) and interval additive reciprocal comparison matrices (IARCM) (also called interval fuzzy preference relations (Xu & Chen, 2008) ).
In a complete nn  comparison matrix, all judgment values are totally known. Given the reciprocity of a comparison matrix, it implies that the decision-maker should provide either the upper or lower diagonal ( 1) / 2 nn elements on a level with n alternatives or criteria. In reality, the decision-maker is sometimes unable or unwilling to provide his/her opinions over some alternatives due to insufficient information or limited expertise, especially in face of a large number of criteria or alternatives. In this situation, an incomplete comparison matrix is resulted (Alonso et al., , 2010 Chiclana et al., 2008 Chiclana et al., , 2009a Fedrizzi & Giove , 2007; Gong, 2008; Herrera-Viedma et al., 2007; Liu, Zhang, & Wang, 2012; Liu, Pan, Xu, & Yu , 2012; Xu, 2004 Xu, , 2012 Xu, Li, & Wang, 2014) . MCDM with incomplete comparison matrices have been receiving increasing attention and many different methods have been developed to estimate missing or unknown values for incomplete additive reciprocal comparison matrices (Alonso et al., , 2010 Chiclana et al., 2009a; Gong, 2008; Herrera-Viedma et al., 2007; Liu, Pan, Xu, & Yu , 2012; Xu, 2004) . For instance, Xu (2004) introduced the concept of incomplete additive reciprocal comparison matrices (or referred to as incomplete fuzzy preference relations), and proposed two goal programming models for obtaining priority weights of incomplete additive reciprocal comparison matrices from the viewpoints of additive transitivity and multiplicative consistency, respectively. An iterative procedure for estimating missing values was put forward by Herrera-Viedma et al. (2007) and applied to handle group decision making (GDM) problems with incomplete additive reciprocal   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65   3 comparison matrices based on additive transitivity. Liu, Pan, Xu, and Yu (2012) put forward a completion method by establishing a least squares model. Based on multiplicative consistency, Alonso et al. (2010) furnished a procedure to estimate missing values and developed a web-based consensus support system for GDM with incomplete additive reciprocal comparison matrices. Genç et al. (2010) employed the feasible-region-based multiplicative transitivity (Xu & Chen, 2008) to develop two estimation approaches for incomplete IARCMs. Xia and Xu (2011) extended the functional equation proposed by Chiclana et al. (2009b) to define perfect multiplicative consistent IARCMs and calculate missing values for incomplete IARCMs.
From a multiplicative perspective, an interval additive reciprocal judgment can be transformed to an equivalent interval multiplicative reciprocal judgment (Liu, Zhang, & Zhang, 2013) . After the conversion, the uncertainty level of the interval additive reciprocal judgment can be measured by the quotient of the upper and lower bounds of the corresponding interval multiplicative reciprocal judgment. Under this notion, a quotient of 1 indicates a crisp judgment without any uncertainty and the larger the ratio, the more uncertain the interval judgment. For the foresaid estimation methods in (Genç et al., 2010; Xia & Xu, 2011) , no mechanism is designed to consider the acceptability of the uncertainty levels of the estimated interval additive reciprocal judgments. As such, they sometimes yield highly uncertain estimated values. To obtain rational and reliable decision results, it is crucial to adapt the acceptable uncertainty levels of the estimated values as highly uncertain data contains less beneficial decision information.
In a GDM process, once all individual incomplete comparison matrices are completed and a group comparison matrix is obtained from the completed individual comparison matrices, a pivotal remaining issue is to derive a priority vector from the group comparison matrix.
According to additive or multiplicative transitivity, different prioritization methods have been developed for obtaining an interval-valued priority vector from a complete interval reciprocal comparison matrices such as linear programs (Arbel, 1989; Gou & Wang, 2012; Hu, Ren, Lan, Wang, & Zheng, 2014; Kress, 1991; Wang, Lan, Ren, & Luo, 2012; Xu & Chen, 2008) , nonlinear programs (Xia & Xu, 2014) , and goal programs (Wang & Elhag, 2007; Wang & Li, 2012; Wang, Yang, & Xu, 2005 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65   5 and the group IARCM. Finally, by putting the foresaid models together, an algorithm is proposed for solving GDM problems with incomplete IARCMs.
The remainder of the paper is organized as follows. Section 2 reviews some basic concepts related to additive reciprocal comparison matrices and IARCMs. After examining the property of (2.3), Chiclana et al. (2009b) pointed out that the multiplicative consistency by Tanino (1984) is the most appropriate vehicle to model transitivity of additive reciprocal comparison matrices.
Due to increasing complexity of many decision problems, it is often hard for decision-makers to provide exact preferences over decision alternatives. To better characterize decision-makers' vague and uncertain preferences, Xu and Chen (2008) introduced the concept of IARCMs. r r r r r r r r r r r r i j k n , , , 1, 2,..., .
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(2) i k j  . As per ( 
Based on the foresaid theorems and analysis, the following corollary can be directly obtained. r r r r r r r r r r r r i j k n 
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Therefore, the perfect multiplicative consistency is dependent on alternative labels. One can verify that the perfect multiplicative consistency definition may yield contradictory results for the same pairwise comparisons when alternatives are relabeled in a different order.
For a complete IARCM R , a decision-maker need provide ( 1) / 2 nn upper (or lower) triangular interval additive reciprocal judgments. If the decision-maker is unable or unwilling to furnish his/her judgments over some pairs of alternatives for some reason, an incomplete IARCM is resulted and missing or unknown values may be the lower, upper or both bounds of additive reciprocal judgments.
Definition 3.1 An IARCM R is called incomplete if some lower, upper or both bounds of its interval additive reciprocal judgments are not provided by the decision-maker.
Note that Definition 3.1 slightly differs from the concept of incomplete IARCMs in Genç et al. (2010) , where both the lower and upper bounds of a missing element in R are required to 3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 10 be unknown.
Due to reciprocity, an IARCM R can be determined by ( 1) nn lower or upper bounds of additive reciprocal judgments. Therefore, based on Corollary 3.1, the multiplicative consistency of incomplete IARCMs can be defined as follows by using lower bounds only. 
0.5 (Dubois & Prade, 2012; Entani & Sugihara, 2012; Guo & Tanaka, 2012) . Therefore, it is sensible to consider acceptable uncertainty levels (as reflected by uncertainty ratios) of the estimated interval additive reciprocal judgments.
Goal programming models for estimating missing values
Presumably, this uncertainty threshold should be solicited from the decision-maker. 
As per (4.4) and (4.5), we have Alternative optimal solutions may exist for model (4.7) under a particular threshold t. As the missing values are inherently uncertain, it is logical to expect that the corresponding 
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For a missing element ij r ( ( , )
,
LL RR i j MV j i MV 
), the estimation method by Genç et al. (2010) firstly identifies possible values of the missing element by a formula (See Eq. (28) in Genç et al. (2010) ). The formula can be rewritten as per the notation in this article as: yields the completed information that is very close to the result at t=3 in Table 1 . Generally speaking, it appears that the proposed approach here is able to generate the results obtained by the methods given by Genç et al. (2010) and Xia and Xu (2011) by properly setting the value of t. On the other hand, the models in Genç et al. (2010) and Xia and Xu (2011) do not possess a mechanism to address the acceptable uncertainty ratio issue for the estimated missing values. In addition, a decision-maker may sometimes provide the lower or upper bound of an interval judgment based on a pessimistic or optimistic scenario. In this case, a missing value in R is not entirely unknown but only its lower or upper bound is unknown, such as the incomplete IARCMs in Example 2 in Section 5. It is worth noting that the two estimation models in (Genç et al., 2010; Xia & Xu, 2011 ) cannot handle such missing values, but our approach is convenient in tackling these cases.
Group decision making with incomplete IARCMs
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Proof. Obviously, 1 0.5,0 1,0 1 1,
On the other hand, 
has multiplicative consistency.
Proof. As per (5.1), we have
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It should be noted that interval arithmetic is quite different from crisp arithmetic. Normally, 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 l  ), if the acceptable uncertainty ratios of estimated interval additive reciprocal judgments are expected to be less than or equal to 4, then we can set t =4 for model (4.7). In this case, by solving (4.7), their corresponding optimal objective values are obtained as:
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Conclusions
A goal programming framework is developed to solve GDM problems with incomplete IARCMs. A key characteristic of this research is to take an integrative approach to addressing uncertainty and inconsistency of decision-makers' pairwise judgments. Based on the multiplicative consistency concept (Wang & Li, 2012) , new properties of consistent IARCMs are first investigated and employed to define multiplicative consistent incomplete IARCMs.
A two-step goal programming method is then established to estimate missing values for an individual incomplete IARCM. By employing the lower bounds of the interval additive reciprocal judgments, a weighted geometric mean approach is subsequently proposed to aggregate individual IARCMs into a group IARCM. By analyzing the inherent link among normality interval-valued weights, multiplicative consistent IARCMs and their uncertainty levels, a two-step procedure comprising two goal programming models is eventually developed to derive an interval-valued priority vector from the group IARCM. Two numerical examples are furnished to illustrate the proposed models.
Further research is needed to address some significant issues. For instance, it is unclear how to judge and deal with extremely uncertain or/and inconsistent information in the original incomplete IARCMs provided by decision-makers. It is contemplated that the notion of acceptable consistency and uncertainty ratios has to be further explored and an interactive decision mechanism may have to be introduced to gauge the acceptance of the input data given by decision-makers. After these issues are properly addressed, it would be worthwhile to investigate how the current framework can be adapted to handle these cases . 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 
